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Symbolic dynamics of the stadium billiard
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By viewing the stadium billiard as a map on the annulus, codes are introduced for both the full and half
stadium based on the lift. By means of such codes, the symbolic dynamics of stadium is described. The relation
of the codes to other codes is discus4&1.063-651X97)06208-9

PACS numbd(s): 05.45+b, 03.20+i

[. INTRODUCTION pointsb ande) maps to the areglk of Fig. 2 to the left of
the FD. It is known that a bounce off a straight wall reverses
The stadium billiard introduced by Bunimovich is a the ordering of two neighboring orbits, while a bounce off a
model of complete chadsl]. The boundary of the billiard semicircle preserves the orderififf]. Thus the four strips
consists of two semicircles of radius 1 joined by two straightseparated by lines=2a,s=L, ands=L+ 2a in the FD of
segments of length& A point particle moves freely in the Fig. 2 must be assigned different symbols. To reflect the
interior of the billiard and elastically reflects from the bound- different behavior in the lifted map, we further divide the FD
ary upon collision. The quantum mechanics of the stadiunwith the preimage curvlj of the lines=0. In this way we
billiard as a system being chaotic in the classical limit hagpartiton the FD into seven pieces assigned symbols
also received much attenti¢8]. Many eigenfunctions of the M,L,L;,N,N;,R, andR; as shown in Fig. 2. This seven-
guantized stadium billiard have patterns of strong enhancdetter alphabet shall be called the full stadiif®) code later
ment in probability amplitude showing scars of classical un-on. By means of this partition we may code an orbit with a

stable periodic orbit§3]. doubly infinite sequence
In Ref. [4] Biham and Kvale introduced a symbolic dy-
namics for the stadium that associates each orbit with a ©++S-1%SpS1- - -,

unique symbolic sequence. Later Hansen and Cvitar{&Jic o ) N
developed a more compact, desymmetrized covering Synyyhere « indicates the present. The corresponding partition

bolic dynamics. Meis$6] explored ordered periodic orbits &ccording to preimages is shown in Fig. 1, where each piece
and cantori classified with rotation numbers. By means of thdS the image of its counterpart in Fig. 2. For examiblgs is

arc lengths along the boundary and the tangent componenthe image of k,, where we have used « to distinguish the
v of the momentum, i.e., the Birkhoff coordinates, a map oftwo different partitions. Since the image and preimage ad-
the annulus is generated from the stadium. The dynamics of@nce in opposite directionk,« is an area to the left of the
the map may be better understood by lifting and then wrapED in the lifted space. _

ping. In this way we can study the orientation and rotation We may accept the natural order of the lifted space to
numbers of orbits. The information about the rotation num-Writé

ber of an orbit is not explicitly contained in the Biham-Kvale
(BK) coding or Hansen-CvitanovitHC) coding. In this pa-
per we propose another coding based on lifting. We shal
introduce the coding in the next section. This coding will be
compared with other codings in Sec. Ill. In Sec. IV we apply
the same idea to the half stadium. The limit of an infinite
long flat wall is treated in Sec. V. Finally, in Sec. VI we
make a few concluding remarks. Lo R

L1°<Nl'<R1'<M'<L'<N.<R' (1)

gince their preimages are arranged successively from left to
right in the lifted space. To compare two backward se-

€

—_

Il. A CODING BASED ON LIFTING

We measure the arc length of the boundary along thev 0

counterclockwise direction from the lower end of the left NI

semicircle, i.e., at that joint poirg=0, and denote by the

half lengths+ 2a of the boundary. The annulus corresponds

to the fundamental domaifFD) of se[0,2) and v

e[—1,1]. The image and preimage of this domain in the B b .
lifted space are shown in Figs. 1 and 2, respectively. The 2L 4L

areahij of the FD shown in Fig. Zto the right of the curve
connecting points andj) maps to the areficd to the right FIG. 1. Imagebcdeof the fundamental domaise [0,2L) and

of the FD shown in Fig. 1 under the forward map, while they e[ —1,1] and the partition of the domain according to preimages
areafbe of Fig. 1 (to the left of the lower curve connecting of orbit points fora=0.5 (cf. Fig. 2.
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FIG. 2. Preimagghjk of the fundamental domain and the par-
tition of the domain according to the present point &+ 0.5 (cf. s 3 T
Fig. 1). 0 E -
_— . - . 0 1
guences we need the definition of parity for a finite string _ a

that is the oddness of the total number of the symbols . .
M,N, andN; contained in the string. Any odd leading string ~ FIG. 3. Symbolic plane foa=0.5. Approximately 15 000 real

will reverse the above ordering. orbit points are drawn.
The same principle may be applied to the ordering of
forward sequences. We haveMe<{sL,sL,}<{sN,*N;} *M<eL<eL <eN;<*R;.

<{*R,*R;}. While the image of b stays in the FD, that of
L, is located to the right of the FD. SinteandL , preserve
the ordering of neighboring orbits, according to their image
we have ¢ <eL,. Similarly, \R<<R;. Taking into account
the fact thatN and N; reverse the ordering, we have
*N;<eN. In summary, the ordering rule for forward se-
qguences is

So an orientation-preserving orbit consists of at most five
letters, belonging to one of the two categories. In this way
the ordering for backward and forward sequences coincides.
In both casesvl,N, or N; appears at most once, except for
periodic orbits. This implies the nonexistence of invariant
circles fora#0. Furthermore, when two different symbols
t andt’ are both with or without a subscript 1 and satisfy
eM<sL<sL,<oN;<eN<sR<*R;. ) t>t’, then any subsequence followihg never smaller than
any sequence following’. Any subsequence following a
Similarly, an odd leading string will also reverse this order-letter with subscript 1 is never greater than any subsequence
ing. following a letter without subscript 1. For example, the two
Based on the ordering rules, metric representations fofl.3) orbits shown in Fig. 4 of Ref6] are LLLRRR)” and
both forward and backward sequences may be introduced {@MLLNRR)“. Two examples of orientation-preserving in-
construct the symbolic plarf@]. Every forward or backward finite  sequences  are LRRL)"(RRLL)*  and
sequence then corresponds to a number between 0 and 1. ARRRL)“NR{M(LRR;L)™.
orbit point corresponds to a point () in the unit square,
wherea andg are associated with the forward and backward 1
sequences, respectively. In the symbolic plane forbidden se-
guences are pruned by the so-called primary pruning front,
which consists of the points in the symbolic plane represent- \
ing all the points on the partition lines€0,s=2a,s=L,
ands=L +2a). As an example, we show the symbolic plane S
for a=0.5 in Fig. 3, where 15000 points of several real
orbits are drawn. The corresponding primary pruning front is
shown in Fig. 4. p
The above coding, describing the dynamics of lifting and oo : I, y
wrapping, directly gives the rotation number of a periodic N X . .
orbit as the total number of symbols with subscript 1 in the
nonrepeating string of its symbolic sequence divided by the PR
length of the string. For the orientation-preserving circle map
symbols with subscript 1 must be greater than any symbols
without a subscript 18]. According to relation(2), this is
possible only when 0 1

i

”
i

eM<sL<eN<+R<+R, @

FIG. 4. Primary pruning front foa=0.5. It forms the border of
or the region within which orbit points are restricted to fall.
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[ll. RELATION TO OTHER CODINGS 1

The BK code associates a bounce with a six-letter alpha-
bet {0,1,2,3,4,% defined as follows: O is a bounce off the oM oL
bottom wall 1 a clockwise bounce off the left semicircle or
a single counterclockwise bounce off the left semicircle, 2 a
bounce off the top wall3 a counterclockwise bounce off the
right semicircle or a single clockwise bounce off the right
semicircle 4 a nonsingle counterclockwise bounce off the oL,
left semicircle, ad 5 a nonsingle clockwise bounce off the v 0
right semicircle. In the FS code the arc length is allowed to
continue to increase past.2 In this way a forward orbit
always advances forward in the lifted space. Thus a point oM,
should be coded by a symbol with subscript 1 if its image
has ans smaller than itself in the FD. The correspondence
from the BK code to the FS code is then as follows: 0 cor-
responds taM, 2({1,4}) to N, 2({0,3,3) to N4, 3({2,3,1,4)
and 5{2,1,4) toL, 3(0) and 5{0,5}) to L, 44) to R, 1 and -1
4({0,2,3,9) to Ry, where we have used the fact that 14, 41, 0 2a L
35, and 53 are forbiddep4]. For example, (0321) corre- 8
sponds to KMLNR;)”,(3212) to (LNR;N;)”, and
(055211Y to (ML,LNR;Ry)™.

The definition of a single bounce depends on the prece

ing or following bounce, while the FS code depends only on ; -
the present bounce. It can be verified that the correspondenduce the motion to the half domajii]. We may partition the

. fase space of this half stadium in a way similar to that for
fsrggr;] (;P;e tlz)s SOd; toa:]hde %L(l c?ge '25 a(stl())I.I?Ev ?ﬂlico;rl% ?he fuII_sﬁagiigm. The partition is shown inyFig. 5. The_phase
oLy ({L,LyD) to’ 5, «L,(M) and ({va, Rl,M,L}’)-L to 3, Spaceis divided intoll, My, L, L, and -Lz_by the line
(R)» and R to 4, and (R;,M,L,N})*R; to 1, where we s=2a and _the two-piece prelmage_of the like=0. The
have indicated a preceding or following bounce with a paorresponding  partition  according to  the  past

renthesis. For example, LLLRRR)” corresponds to Me ,Mje,Le, L ¢, andL,e is shown in Fig. 6. This five-letter
(333444Y and MLLNRR)” to (0332445. alphabet shall be referred to as the half stadit48) code. It
Overlapping the FD in Figs. 1 and 2, one can see thagan be verified that the correspondence between the HS and

the allowed pairs of symbols arM{L,L,,N,N;,R,R;}, FS codes is as followd¥ in the five-letter code corresponds
L{L,L;, N,N1,R,Ry}, L{M,L,L;}, N{R,R}, to *M{L,L;}, and N in the seven-letter codeM; to
N.{M,L,L;}, R{R,R;}, and Ry{M,L,L;,N;,R;}. Written  *M{N,N;,R,R;}, and Ny, L to «L{L,L;}, and R{R,R},
in an equivalent way, these pairs afd,,N;,R;}M, L; to L{N,N;,R,R;}, and Ry{M,L,L;}, and L, to

.L2

FIG. 5. Partition of the phase space for the half stadium with
0a_1=0.5 according to the present point.

{M,L,L;,N¢,R¢JL, {M,L,L{,Ng,Ry}L, {M,LIN,  <L{M,L,L.}, and R{N;,R4}.
{M,L,R;}Ny, {M,L,N,R}R, and{M,L,N,R,R{}R;. There Using the same argument to obtain the ordering of the
are 22 forbidden pairs. seven symbols for the full stadium, we have similarly the

In Ref. [5] the HC code, which is a symmetry reduced ordering
five-letter alphabet, was introduced by definin_gaé a first
bounce off either semicircle, & clockwise nonfirst bounce
off a given semicircle, 2a counterclockwise nonfirst bounce
off a given semicircle, 3a bounce off a flat wall with
positivev, and 4a bounce off a flat wall with negative. It
can be verified that the correspondence between this

code and the FS code is as follows: Gorresponds

to {M,Nl,Rl}'L,{M,Nl,Rl}’Ll,{M,L,N}‘R, and
{M,LN}eR;,1  to LgeL,L;eL4, and R*R;,2  toO v
LeL,LeL,,R*R, and ReR;,3 to {Ry,N;}*M,{M,L}eN,
and{L,M*}eNy; and 4 to {L;,N;}*M and{M~,R;}*N,,

where byM ™ (M ™) we mean a backward sequence greater
(smalley than (N;M)*» and byN; (N;) a sequence greater
(smalley than (MN;)”e. In fact, this five-letter code is for

the half stadiun{5]. We shall discuss the half stadium fur-

ther in the next section.

0 2a L
IV. THE HALF STADIUM 8

The stadium map has the translation symmetry to be in- FIG. 6. Partition of the phase space for the half stadium with
variant under ¢,v)—(s—L,v), which may be used to re- a=0.5 according to the preimage of the present point.
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FIG. 7. Symbolic plane of the half stadium at5. Approxi- FIG. 8. Primary pruning front of the half stadium a&5. It
mately 15 000 real orbit points are drawn. forms the border of the region within which orbit points are re-
stricted to fall.
L2‘<M1°<L1'<M'<L‘, (3)

vertices are M7*M7,L"L;sML”,L"Lse L*,M7eL;MT,
My<eM<eL <ol <eL,. (4)  andMiMe<L,M7. They correspond to their counterparts in
o ] the FS code, but some vertices of the FS code, e.g.,
Similarly, a symbolM or M, will reverse the order of for- R=.R | * (converted ta_3+L,L3), become trivial. The five

ward or backward sequences, whilel;, andL, preserve yertices give a complete description of the geometric pruning
the order. We can also construct the symbolic plane for thenat holds for all values of the parameter

half stadium. The symbolic plane far=5 is shown in Fig.
7, where 15 000 points of several real orbits are drawn. The
corresponding primary pruning front is shown in Fig. 8. VI. CONCLUSION

Either from Figs. 5 and 6 or from Fig. 7, we see thatinthe | the previous sections we have obtained a simple parti-
HS code 6 symbol pairtM;,LM,MM;,MM,L,M, and  tjon of the phase space for both the full and half stadium
L,L are forbidden. The HS code excludes many forbiddemilliard based on the lift. The ordering rules for the stadium
symbol pairs of the FS code at the beginning, hence is morgre essentially the same as those for the dissipative standard
compact. Forbidden pairs of the HS code correspond to formap [9]. The rigorous proofs concerning ordering involve

bidden triplets of the FS code, so they contain some inforthe global dynamical properties of the system and no such
mation about pruning. For example, the forbiddei of the  proofs are available yet.

HS code implies the forbiddeb;ML,L;MLy,L4LL, and The arguments may be applied to other systems such as
L,LL, of the FS code. the n-disk pinballs. In Hamiltonian systems we often deal
with angle variables. A lift of the phase space helps us to

V. THE LIMIT OF INFINITE a understand the dynamics. The symbolic dynamics of the sta-

dium billiard is as simple as the piecewise linear standard

_ The main ingredients of symbolic dynamics are the folia-,545r1] in the sense that the partition lines are given by the
tion of the phase space by stable and unstable manifolds, the.finition of the map at the beginning.

geometric relation between the two kinds of manifolds, par-— the symbolic dynamics will enable us to predict all the
tition of the phase space, and monotonic ordering in the Symysocgiple ‘motions, including not only periodic, but also cha-
bolic coding for both kinds of manifolds. In the construction i~ orpits. By means of the simple codes we may further
of the primary pruning front every point on a partition line gisciss metric properties as well as topological ones.

maps to a point in the symbolic plane that forms a vertex of " the coding based on the lifting contains direct informa-
a forbidden rectangle in the plane. Generally, such a pruningan ahout the rotation number and orientation. Orbits with
front consists of an infinite number of vertices. However, ingierent orientation-preserving properties might play differ-
limiting cases, e.g., the limit of infinita, the number of  ont (oles in forming scars of the quantized billiard. In this

vertices may reduce to finite one. o _ case the above FS and HS codes would be useful.
For the FS code in the limia—ce the finite vertices are

(MNp)*¢(MN;)”*, R*R;*ML”, R*R;*L”, (MNj)”eL
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